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EFFECT OF GEOCEIVER OBSERVATIONS UPON THE
CLASSICAL TRIANGULATION NETWORK *

Robert E. Moose
and
Soren W. Henriksen
_ , National Geodetic Survey
National Ocean Survey, NOAA, Rockville, Maryland

ABSTRACT. This paper investigates the use of
Geoceiver observations as a means of improving
triangulation network adjustment results. A test
network of real data is used in this study, which
. is comprised of 32 separate projects and contains
838 first-order and 489 second-order stations in

the States of Mississippi, Louisiana, and Alabama.
Statistics are provided on a sequence of adjust-
ments of this network in which the number of
azimuth, base line, and Geoceiver observations

were systematically varied. From an analysis of
this sequence of adjustments, three important
conclusions are made. First, the most effective
separation for Geoceiver observations is about 250 km
and greater. Second, there is a limit to the
improvement in the a posteriori standard error that
Geoceiver observations can effect in a triangulation
network. Third, Geoceiver observations are an
effective means of controlling distortions in the
local network. The theory of how Geoceiver observa-
tions combine with the classical observations is
explained.

1. INTRODUCTION

The National Geodetic Survey (NGS) is assembling data for the
proposed readjustment of the North American network of triangu-
lation. To correct the known areas of distortion and weakness
in the existing network, the following additional observations
are being considered: very long base lines (VLBI), satellite,
Doppler, transcontinental traverse (TCT), geodimeter base lines,
and astronomic azimuths. These observations will be included
in the adjustment in order to strengthen the network.

*Geoceiver is a trade name for the Doppler satellite tracking
instrument manufactured by Magnavox Corporation. Doppler
satellite tracking instruments made by other companies are
available. While these results are based upon Geoceiver
observations, there is no reason to suspect that any other
comparable Doppler satellite tracking instrument would not give
the same results.



One of the methods that will be used to improve the large
scale configuration of the triangulation network is a planned
network of approximately 150 Geoceiver positions, The
Geoceiver, a relatively new technological development in
geodesy, is used to measure the Doppler shift in the two
coherently related signals transmitted by the Navy Navigation
Satellite System (NNSS). The adjustment of a large number of
these observations gives the position determination for the
Geoceiver station used in the space rectangular coordinates of
the Naval Weapons Laboratory (NWL) 9D system, The RMS
difference residual for these position determinations is
generally in the range from 0.15 m to 0,30 m in the X, ¥, and
Z directions. The sequence of steps to effect a transformation
of this position in the geocentric NWL 9D system to the
ellipsoidal coordinate system of the North American Datum (NAD)
is given by Meade (1974). There is, first, a coordinate origin
shift from the geocentric origin to the NAD origin. The XYZ
space rectangular coordinates are then transformed into the
¢, A, and h ellipsoidal coordinates of the NAD. The origin
shift that is applied is the mean of the origin shifts that were
required at 36 reliable Geoceiver stations to correct the .
Doppler coordinates to the transcontinental traverse coordinates.
Meade found that there is a small systematic difference of
about 1.0 ppm between the NWL 9D coordinates and the TCT
coordinates. It is common practice to bring the Doppler
coordinates into closer agreement with the TCT coordinates by
applying a correction to the 9D coordinate system. This
correction is expressed by Anderle (1974) as a small scale
change and a rotation, performed in ellipsoidal coordinates, on
the NWL 9D coordinate system, giving a new coordinate system
called NWL 10F. The correction transformation is:

¢10Fr = 9%9p
Mor = Mogp + 07260 () east is positive)
hjgr = hgp - 5.27 m (h height above a

common ellipsoid)

The new origin shift parameters to transform into the TCT
coordinate system are given by Vincenty (1975) as:

std. error

mean (meters) of mean (m)
AX = +- 19.60 0.22
AY = - 155.02 0.18
AZ = - 175.12 0.18

Meade shows that these Doppler coordinates now have a mean
difference from the TCT coordinates of only 1.03 m in latitude,
1.0l m in longitude, and 1.25 m in height. The contemplated
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system of Geoceiver stations includes about 65 stations that are
also on the TCT. When all these stations are used, there will
be a better determination of the systematic difference between
the 9D and TCT coordinate systems. The agreement then between
transformed Doppler and TCT coordinates is expected to be better.

The a priori positional standard error for a Geoceiver
observation used in the adjustments in this paper is 0.9 m in
latitude and 1.2 m in longitude with no correlation assumed to
exist between the two components. NGS has adopted this standard
error for use in Geoceiver observation evaluation studies only.

It is generally agreed that Geoceiver observations used as
positional constraints will greatly improve the large scale
configurations of the network.

On the smaller scale, weaknesses in the triangulation network
have traditionally been strengthened by observing more lines,
more distances, or more azimuths in the network. The
strengthening of a network by observing additional lines is
seldom done because of the expense of moving personnel and
equipment back to the area and rebuilding the observation
. towers. Even though the distances between main scheme network
stations may be easily and accurately measured with an
electro-optical distance measuring instrument (EDM), using an
EDM instrument for observing additional distances is often not
a practical solution because the stations are not intervisible
without observation towers. Strengthening a network by means
of additional azimuth observations is expensive because the
astronomic field party must not only observe the astronomic
azimuth of a network line but also the astronomic position of
the azimuth station. These observations require a skilled
observer and quite often much time is lost due to overcast sky
conditions. The Geoceiver has none of these drawbacks; it is
portable and easy to operate. Observations are not expensive
to obtain as the major item, the satellite, is provided by the
U. S. Navy; intervisibility of network stations is not
necessary, and since the instrument operates in the radio-
frequency range, overcast skies are of no concern.

An obvious question is: Why can't additional Geoceiver
observations be used to provide scale and azimuth constraints to
the local system? Since Geoceivers are new, not much is known
about the interaction of their observations with classical
triangulation networks. It is toward alleviating this lack of
understanding that this paper is directed. 1In general, we
would like to know how Geoceiver observations affect the
triangulation network, and particularly, how many Geoceiver
observations (and their location) are needed to improve a weak
triangulation network.



In this investigation, the test network is comprised of 32
separate projects, which contain 838 first-order and 489
second-order stations in the States of Mississippi, Louisiana,
and Alabama. This is the same network used by Dracup (1975).
One major difference, based on the suggestion of Dracup, has
been the removal of the transcontinental traverse projects so
that the test network would be similar to most of the
triangulation in the United States, Within the combined
network, there are five existing Geoceiver stations.

Transferred Doppler
Station Location From Number
Knob 1914 North 10022
Winn 1929 West Greenville AFB 1957 10003
Little 1934 South point near Little RM A 20016
Kelley 1971 East point near Kelley 1971 51009
Webster 1929 Center Webster 1939 RM' 1 10023

Figure 1 shows the first-order, main scheme network and
locations of the five stations where Geoceiver observations
were made. Figure 2 shows the combined first-order, main _
scheme and second-order, main scheme networks. Figure 3 shows
the locations of the 18 lengths, either base lines or geodimeter
lines, in the first-order, main scheme network. Twenty-seven
geodimeter lines in the first-order area project around
station Kelley 1971 have been removed to give a more balanced
system of length observations. Figure 4 shows the location of
the 22 azimuth observations that orient the first-order network.

Table 1 shows the principal characteristics of the 13 test
networks, formed from the observational data, that were adjusted
and used in the analyses described later.

2. EFFECT OF GEOCEIVER OBSERVATIONS UPON THE LENGTH
AND AZIMUTH STANDARD ERRORS

In this section, as well as sections 3 and 4, only the
accidental errors which exist in the observations are
considered. It is realized that systematic errors are-
probably present, but no means of detecting them were apparent
to the authors.

An impgrtant question when considering the employment
of Geoceiver observations as constraints in an existing tri-
angulation network is: What is the best arrangement of
Geoceiver stations? What quantity are we concerned with here?
Slgce the local surveyor can directly observe the length or
azimuth of any line in the National network, it is desirable
that these observables in the National network be of such an
accuracy that the local surveyor cannot detect discrepancies,
Traditionally, therefore, the quality of a geodetic network has
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Table 1l.--Data used in the various adjustments.

variance Triangulation Networks Geoceiver
Adjust- in Unit :

ment Weight Stations Directions Distances Azimuths  Number Separation Orientation
B 1.369 854 7297 0, 0 - 5 - NSEW
Bl/2 1.343 838 7202 8 .8 5 - ' NSEW
B* . 1.342- 838 7202 15 18 5 - : NSEW
c 1.371 854 7297 - 0 0 2 426 km N-S
c' . 1.345 838 7202 0 0 2 266 N-S
c" 1.345 838 7202 0 0 2 350 N-S
c't 1.345 838 . 7202 15 18 2 " 266 N-S
D 1.371 854 7297 0 0 2 181 E~W
D' 1.344 . 838 7202 0 (] 2 253 E-W
D" 1.345 - 838" 7202 .0 0 2 350 E-W
p't 1.345 838 7202 15 18 2 253 . E-W
E* 1.347 838 7202 42 18 1 - Center
E* - 1.347 838 7202 42 18 - - Center
F* 1.273 838 1st .12195 63 22 1 - Center

Order

498 2nd

Order
G* 1.272 838 1lst 12195 63 22 5 - NSEW

Order

", 498 2nd

Order

H 1.345 838 7202 0 0 2 578 N-S
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been judged by the size of the length and azimuth standard

The Geoceiver observations may
then be thought of as being for the purpose of effecting a
reduction in the size of the length and azimuth standard errors.

error between nearby stations.

The investigation is carried out by performing a series of
adjustments in which the number of base lines, azimuths, and
Geoceiver stations in the first-order network is varied.
distance and azimuth standard errors in each of these solutions
are computed at 44 selected lines in the network. The

description of these lines is given in table 2.

The

The lines,

chosen so that they span the open areas between the arcs, are
used to observe the movement of one arc relative to another.
In general, each of the twenty-five areas (see figure 5) has a
line oriented north-south and east-west.
same as those used by Dracup (1975).

These lines are the

The optimum arrangement and spacing of Geoceiver stations are

investigated first.

Adjustments ¢, D, C', D', C", D", and H

are adjustments of the 838 station, first-order, main scheme

network.
azimuths.

These adjustments do not contain any base lines or

The scale and azimuth constraint are provided by two
Geoceiver observations.

Adjust- Orienta- Separa-
ment Stations tion tion (km)

C Knob 1914 Little 1934 north-south 426

c' Webster 1939 Little 1934 north-south 266

c" Little 1934 Thackers 1934* north-south 350

D Webster 1939 Winn 1929 east-west 181

D' Webster 1939 Kelley 1971 east-west 253

D" Rock 1939* . Arcola 1939%* east-west 350

H Chalmette 2 1931* Morris 1914* north~south . 578

The length and azimuth standard errors computed in these seven
adjustments are given in table 3. As expected, the length and

azimuth standard errors between pairs of stations vary in size
depending upon the location of the stations in the network
relative to the network constraints. Since only the orientation
and spacing of the Geoceiver stations vary in this set of
adjustments, the preferred arrangement would be the one in
which the size of the length and azimuth standard errors is
smallest. To find which adjustment has the better arrangement,
the results in the D' adjustment are compared line for line to
the results in the other six adjustments. These ratios are
given in table 4. :

*pseudo-Geoceiver stations. A Geoceiver observation was
simulated at these stations to give the desired Geoceiver obser-
vation separation.



Table 2.--Description of test lines.

; R . Area, o
Station Station Line /km
CAPLEVILLE SE BASE 1914 BATESVILLE 1956 1,1 10°/ 76.1
EVANSVILLE 1929 WEEKS 1934 1,2 265°/ 83.2
BOBO 1956 MEEKS 1939 2,1 10°/ 64.8
WHILKINSON 1929 KEATON 1934 2,2 280°/ 93.5
INDIANOLA 1939 STRAIGHT 1957 3,1 3°/ 44.8
SILENT SHADE 1957 SHIVERS 1929 3,2 90°/ 74.2
PALUSKA 1939 LEXINGTON 1958 4,1 9°/ 47.2
KEIRN 1957 MOORE 1934 4,2 274°/ 41.1
COUNTRY 1957 SLIKER 1931 5,1 5°/ 64.7
HOMESTEAD 1929 BENTONIA 1959 5,2 274°/ 71.5
RICHLAND 1958 FANNIN 1931 6,1 354°/ 60.7
- PERSIMMON 1959 PINE 1934 6,2 255°/ 46.2
HAWKINS 1931 JEFF 1947 7,1 2°/ 63.2
~ TYLER 1929 CRYSTAL 1945 7,2 272°/ 63.5
BRANDON 1931 SHARP 1945 8,1 4°/ 29.6
FLORENCE 1945 SHILOH 1945 8,_2 259°/ 31.7
' CENTRAL 1945 BETHEL 1946 9,1 21°/ 42.7
CHOCTAW 1945 CLEM 1934 9,2 269°/ 41.1
FOSTER 1929 . MCCOMB 1947 10,1 275°/ 77.8
TOLER 1946 BROCK 1939 . 11,1 355°/ 39.7
PIKE 1947 SMITH 1934 11,2 280°/ 34.2
MALONE 1914 THAXTON 1967 14,1 10°/ 75.0
RIDGE 1934 LEBANON 1935 - 14,2 283°/ 54.7
LOCHINVAR 1967 WEBSTER 1939 15,1 12°/ 73.2
RANDOLPH 1967 EUPORA 1939 15,2 10°/ 69.3
BUSH 1934 BARR 1935 15,3 280°/ 70.6
REFORM 1939 LOBUTCHA 1958 16,1 - 4°/ 36.4
PALMERTREE 1934 BEVEL 1935 16,2 277°/ 64.4
DRY 1958 CARSON 1930 17,1 0°/ 53.6
GRIMES 1934 . SMITH 1935 17,2 264°/ 61.2
FOREST EAST BASE 1930 TISDALE 1939 18,1 1°/ 94.9
WILLIAMS 1934 GRANTHAM 1935 18,2 285°/ 30.9
LITTLE 1934 MCLAURIN 1935 19,1 273°/ 46.1
PLEASANT 1914 BOOG 1939 20,1 7°/113.3
KARR 1935 BRAKEFIELD 1939 20,2 294°/ 82.8
FEDERAL 1935 GALLOWAY 1939 20,3 277°/ 88.1
BRADSHAW 1939 MILL 1934 21,1 52°/162.6
WARREN 1935 EUTAW 1939 21,2 263°/ 77.0
WOLF 1930 HOUSE 1939 " 22,1 355°/ 77.9
CLAYBORN 1935 DANIELS 1938 22,2 272°/ 80.2
LITTLE 1939 WEDFORD 1942 23,1 347°/ 48.3
TINGLE 1935 COON 2 1938 23,2 "264°/ 92.8
ROCK 1939 FULLER 1930 25,1 0°/ 72.9
MOUNDVILLE 1939 JAMISON 1887 25,2 257°/ 87.4

*The tabulation gives the azimuth and length of the line.

10°/76.1:
points in kilometers.

10° = azimuth of line from south, 76.1 = distance between
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Table 3.--Distance and azimuth standard érrors.

Adjus&ment

Area, ' . B
Line C D c' D' c" D" H

1,1 0.419/181%* 0.722/99 0.431/175 0.461/165 0.404/188 0.421/181 0.359/212
1.150 1.871 1.568 1.516 1,274 1.181 0.969

1,2 0.449/185 0.825/101 0.457/182 0.494/168 0.424/196 0.445/187 0.380/219
1.164 ©  1.866 1,571 1.524 " 1.264 1.183 1.001

2,1 0.368/176 0.655/99 0.371/174 0.40&/161 0.340/190 0.366/177 0.314/206
1.174 1.887 1.560 1.534 1.265 1.201 1.009

2,2 0.465/201 0.889/105 0.468/200 0.523/179 0.432/216 0.455/205 0.377/248
1.085 1.776 1.495 1.472 1.195 1.087 1.912

3,1 0.238/189 0.439/102 0.23f/189 0.268/167 0.218/205 0.237/188 0;194/231
: 1.168 1.827 1.526 1,541 " 1.251 1.165 0.996

3,2 0.378/196 0.704/105 0.378/196 0.431/172 0.345/215 0.372/199 0.301/246
1.066 1.747 1.451 1.468 1.160 1.048 0.879

4,1 0.217/218 0.452/104 0.213/222 0.245/193 0.194/244 0.214/221 0.167/283
1.010 1.777 1.420 1,418 1.130 1.032 0.839

4,2 0.201/204 0.396/104 0.198/207 0.224/183 0.184/224 0.196/209 0.161/256
1.033 1.774 1.436 1.435 ° 1.152 1.042 0.865

5,1 0.351/184 0.647/100 0.351/184 0.401/161 0.327/198  0.358/181 0.291/222

1.103 : 1.845 1.458 © 1.504 1.192 1.129 0.916

5,2 0.380/188 0.701/102 0.381/187 0.436/164 0.353/202 0.383/187 0.309/231
1.140 1.851 1.486 1.526 1.222 1.142 - 0.955

6,1 0.272/223 0.584/104 0.266/228 0.312/194 0.243/250 0.273/222 0.204/298
0.963 1.789 1.368 1.393 1.086 1.009 0.772

6,2 0.223/208 0.450/103 0.220/210 0.253/182 0.203/227 0.223/207 0.174/266
1.052 1.830 1.432 1.454 1.166 1.082 0.877

7,1 0.355/178 0.652/97 0.356/177 0.409/155 0.335/189 0.371/170 0.292/216
1.176 1.943 1,491 1,572 1.253 1.228 0.978

7,2 0.358/177 0.648/98 0.358/177 0.408/156 0.337/188 0.368/172 0.295/215
1.197 1.948 1.512 1.581 1.275 1.238 1.007

*Explanation of tabulation’0.419/181: 0.419
1.150

= ¢ for length in meters, 181 = proportional

part in thousands or 181 = 1:181000, 1.150 = o in azimuth.

€1



Table 3.--Continued.

Adjustment
Area, ’
Line C D c' D* c" D" H
8,1 0.145/204 0.294/101. 0.143/206 0.167/177 0.133/222 0.149/198 0.114/260
1.079 1.885 1.432 1,487 1.181 1.137 0.887
8,2 0.150/211 0.312/102 0.149/213 0.175/181 0.138/230 0.155/205 d.115/276
1.016 1.846 1.390 1.437 - 1,129 1.072 0.818
9,1 0.194/220 0.419/102° 0.19_3/22_1 0.233/183 0.178/240 0.206/208 0.140/305
0.960 1.839 1.335 1.414 1.072 1.043 0.716
9,2 0.186/220 0.403/102 0.186/221 0.224/183 0.171/240 6.198/208 0.135/304
0.968 1.842 1.341 1.419 1.079 1.050 0.727
10,1 0.452/172 0.814/96 0.452/172 0.518/150 0.429)182 0.473/164 0.367/212
1.189 1.974 1.495 1.587 1.268 ’ 1.258 0.968
11,1 0.198/201 0.399/99 0.198/200 0.234/169 0.185/214 0.210/188 0.:148/268
1.042 1.893 1.386 1.478 - 1.139 1.127 0.785
11,2 0.169/202 0.344/99 0.170/202 0.201/170 0.158/216 0.180/190 0.127/270
1.042 1.893 1.386 - 1.477 1.139 1.126 0.786
14,1 0.374/201 0.748/100 0.384/195 0.412/182 0.359/209 0.373/201 0.316/237
1.057 1.856 1.524 1.448 1.224 1.119 0.913
14,2 0.281/195 0.548/100 0.284/192 0.304/180 0.266/206 0..277/198 0.240/228
1.129 1.907 1.580 1.496 1.292 1.188 1.015
15,1 0.338/216 0.723/101 0.332/220 0.359/204 0.300/244 0.324/226 _.0.271/270
0.976 *1.827 1.475 1.377 1.149 1.040 0.851
15,2 0.326/213 - 0.687/101 0.321/216 0.347/199 0.290/239 0.314/221 0.263/264
0.994 1.830 1.478 1.389 1.153 1.052 0.861
15,3 0.326/217 0.681/104 0.319/221 0.355/198 0.295/239 0_.313/226 0.258/273
1.032 1.807 1.458 1.409 1.173 1.055 0.887
16,1 0.195/187 0.369/99 0.181/201 0.198/184 0.172/211 0.183/199 0.161/227
1.223 1.957 1.558 1.552 1.343 1.264 1.110
16,2 0.296/218 0.624/103 0.283/228 0.316/204 0.262/246 0.278/232 0.228/282
' 0.953 1.782 1.397 1.345 1.107 0.977 0.801
17,1 . 0.247/217 0.526/102 - 0.225/238 0.257/208 0.211/254 0.231/232 0.186/288
0.993 1.833 '1.397 1.391 1.132 1.046 0.837

(AL



Table 3. -—cOntinue_c_l .

Adjustment
Area,
Line C D C’ D' c" D" H
17,2 0.275/223 0.593/103. 0.258/237. 0.293/208 0.239/256 0.258/238 0.205/299
0.985 1.827 1.395 _ - 1.368 1,130 1.019 0.830
18,1 0.410/232 0.924/103 0.401/237 0.482/197 0.369/257 0.423/224 0.293/323
0.930 1.826 1.326 1.371 1.060 1.005 0.703
18,2 0.194/159 0.330/94 0.190/163 0.206/150 0.183/169 0.191/162 0.168/184
1.303 2.027 1.613 1.631 1,397 1.335 - .1.151
19,1 deleted deleted 0.258/179 0.293/157 0.247/187” 0.269/171 0.213/216
) 1.532 - 1.624 1.327 1.321 - 1.060.
20,1 0.524/216 1.132/100 0.507/223 0.539/210 0.474/239 0.493/230 0.437/260
1.007 1.881 1.513 1.390 1,227 1.094 0.951
20,2 0.438/189 0.851/97 0.434/191 0.453/182 0.412/201° 0.420/197 0.387)214
1.061 " 1.875 1.514 1.396 1.223 1.091 © .0.,939:
20,3 0.434/203 0.889/99 .0.407/216 0.428/206 0.385/229 0.391/225 0.356/248
1.075 1.880 1.504 1.361 1.221 1.067 0.949
21,1 0.639/254 1.548/104 0.545/298 0.634/256 - 0.492/331 0.542/300 0.403/404
0.861 1.764 1.334 ' 1.273 . 1.043 - 0.906 ' 0.711
21,2 0.371/208 . 0.773/100 0.340/226 ° 0.368/209 '0.321/240 0.333/231 0.290/265
1.020 1.869 1.443 1.334 1.184 1,028 -0.904
22,1 0.369/211 0.779/100 0.358/218 0.415/188 0.337/231 0.373/209 0.291/267
1.031 1.894 1.399 1.415 1.156 1.089 0.843
22,2 0.386/208  0.804/100 0.371/i16 ' 0.422/190 0.}50/229“ 0.580/211 0.304/264
1.045 1.900 1.407 . 1.433 : 1.166 1.X00 . 0.855
23,1 0.300/161. 0.522/93 - 0.301/160 0.334/144 0.291/166 0.312/155 0.264/183
1.299 2.065 1.595 1.662 1.395 1.376 1.128
23,2 0.488/190 0.955/97 0.486/191 0.556/167 0.463/200 0.508/183 0.404/230
1.093 1.939 1.425 1.498 1.197 1.171 0.869
25,1 0.395/184° 0.760/96 0.145/502 0.146/501 0.144/507: 0.145/508 0.142/514
1.053 1.904 1.476 . 1.259 1,232 1.038 0.979
25,2 0.472/185 0.910/96 0.170/515 0.171/512 0.168/520 0.168/521 0.166/528
1.047 1.900 1.471 1.254 1.225 1.033 0.971

ST
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Table 4.--Standard errors, ratios of o, and o, .

Area, c' D C D™ c" H
Line /B /pr /p /p /p /p,
1,1 0.935 1.675 0.909 0.913 0.876 0.779
1.034 1.234 0.758 0.779 0.840 0.639
1,2 0.925 1.670 0.908 0.901 0.858 0.769
S 1.031  1.224 0.764 - 0.776 0.829 0.657
2,1 0.923 1.629  0.916 0.910  0.846 0.781
1.017 1.230 0.766 0.783 0.825 0.658
2,2 _ 0.895 1.700 0.890 0.870 0.826 0.721
1.016 1.206 0.738 0.738 0.812 0.620
3,1 0.884 1.638 0.888 0.884 0.813 0.724
0.990 1.186 0.757 0.756 0.812 0.646
3,2 0.877 1.633 0.877 0.863 0.801 0.698
0.988 1.190 0.726 0.714 0.790 0.599
4,1 0.870 1.845 0.886 0.873 0.792 0.682
- 1.001 1.253 0.712 0.728 0.797 0.592
4,2. 0.884 1.768  0.897  0.875  0.821 . 0.719
1.001 1.236 0.720 0.726 0.803 ' 0.603
5,1 0.875 1.613 0.875 0.893 0.815 0.726
. 0.969 1.227 0.733 0.751 0.793 0.609
5,2 0.874 1.608 0.871 0.878 0.810 0.709
0.974 1.213 0.747 0.748 0.801 0.626
6,1 0.853 1.872 0.873 0.875 0.779 0.654
0.982 1.284 0.691 0.724 0.780 0.554
6,2 0.869 1.779 0.881 0.881 0.802 0.688
0.985 1.259 0.724 0.744 0.802 0.603
7,1 '0.870 1.594 0.867 0.907 0.819 0.714
0.948 1.236 0.748 0.781 0.797 0.622
7,2 0.877 1.588 0.877 0.902 0.826 0.723
0.956 1.232 0.757 0.783 0.806 0.637
8,1 0.856 1.760 0.868 0.892 0.796 0.683
0.963  1.268 0.726 0.765 0.794 0.597
8,2 0.851 1.783 0.857 0.886 0.789 0.657
0.967 1.285 0.707 0.746 0.786 0.569




Table 4.~~Continued.

Area, C' - D C D" c" H
Line /B /p /b /D /b /py
9,1 0.828 1.708 0.832 0.884 0.764 0.601
o ',0.944 1.301 0.679 0.738 0.758 0.506
9,2 0.830 1.799 0.830  0.884 0.763 0.603
| 10.945 1.298 0.682 0.740 0.760 0.512
10,1 0.872 1.571 0.872 0.913 0.828 0.708
S 0.942 1.244 0.749  0.793  0.799 0.610
11,1 0.846 1.705 0.846 0.897 0.791 0.632
L 0.938  1.281 0.705 0.762 0.771 0.531
11,2 0.846 1.711 0.841 0.895 0.786 0.632
0.938 ~ 1.282 0.705 0.762 0.771 0.532
14,1 0.932 1.815 . 0.908 0.905 0.871 0.767
' . 1.052 1.282 0.730 . 0.773 0.845 0.631
14,2 0.934 1.803 0.924 0.911 0.875 0.789
-°1.056 1.275  0.755  0.794 0.864 0.678
15,1 . 0.925 2.014 0.942 0.902 0.836 0.755
o 1.071  1.327 0.709  0.755 0.834 0.618
15,2 0.925 1.980  .0.940  .0.905 0.836 0.758
| 1.064 1.317 0.715 . .0.757 0.830 0.620
15,3  0.898  1.918 0.918  0.882 0.831  0.727
| 1.035 . 1.282 0.733 0.749 0.832 0.630
16,1 0.914 1.864 0.984 0.924 0.869 0.813
e 1.004 1.261 0.788 0.814 0.865 0.715
16,2 0.896 1.975 0.937 0.880 0.829 0.722
- ©1.039 1.325 0.709  0.726 0.823 0.596
17,1 0.875 2.047 0.961 0.899 0.821 0.724
1.004 1.318  0.714 . 0.752 0.814 0.602
17,2  0.8820 2.024 0.938 0.880 0.816 0.700
. 1.020  1.335 0.720 0.745 0.826 0.607
18,1 0.832  1.917  0.850 0.878 0.766 0.608
0.967 - 1.332  0.678 0.733 0.773 0.513
18,2 0.922  1.602  0.941 0.927 0.888 0.816
0.989 1.243 0.799 0.818 0.856 0.706

17
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“Table 4.--Continued.

Area, (o D C D" c" H
Line /Dl /Dl /Dl /D; /Dl /Dl
19,1 - 0.880 - -- 0.918 0.843 0.727
0.943 0.813 0.817 0.653
20,1 0.941 2.100 0,972 0.915 0.879 0.811
1.088 1.353 0.725 0.787 0.883 0.684
20,2 0.958 1.879 0.967 0.927 0.909 0.854
1.084 ° 1.343 0.760 0.781 0.876 0.673
20,3 0.951 2.077 1.014 0.914 0.899 0.832
1.105 1.381 0.790 0.784 0.897 0.697
21,1 0.860 2.442 1.008 0.855 0.776 0.636
1.048 1.386 0.676 0.712 0.819 0.559
21,2 0.924 - 2,100 1.008 0.905 0.872 0.788
1.082 1.401 0.765 0.771 0.888 0.678
22,1 0.863  1.877 0.890 0.899 0.812 0.701
- 0.989 1.338 0.729 0.770 0.817 0.596
22,2 0.879 1.905 '0.914 0.900 0.829 0.720
0.982  1.326 0.730 0.768 0.814 0.597
23,1 . 0.901 1.5€3 0.898 0.934 0.871 0.790
0.960 1.242 0.781 0.828 0.839 0.679
23,2 0.874 1.718 0.877 0.914 0.833 0.727
0.951 1.294 0.729 0.782 0.799 0.580
25,1 0.993*  5_206* 2.705%* 0.979 0.986 0.973
1.172* 1.512* 0.836* 0.824 0.979 0.778
25,2 0.994* 5.322*% 2.759%  (.982 0.982 0.971
1.173* 1.515* 0.835* 0.824 0.977 0.774
oy 0.8880 1.8136 0.9061 0.9003 0.8348 0.7344
by 0.0342 0.1873 0.0481 0.0253 0.0494 0.0807
g, 1.0015 1.2812 0.7324 0.7658 0.8248 0.6224
sq 0.0472  0.0534 _ 0.0310 0.0304 0.0474 0.0614

*These values were not used in subsequent computations
for some unknown reason

because
the mean.

they differed too much from
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The means of the ratios with respect to D' are listed below:

Distance Azimuth
Adjustment Standard Error Standard Error
D' 1.00 1.00
D 1.81 1.28
C 0.90 0.73
c!' : . 0.88 1.00
D" 0.90 0.77
c" 0.83 0.82
H 0.73 0.62

The above table may be interpreted as follows. On the
average, the distance standard error of a line in adjustment D
will be 1.8l times greater than the distance standard error of
the same line in adjustment D'

To test whether there is any orientation bias, pseudo-
Geoceiver stations are used in the C" and D" adjustments to
achieve a set of adjustments with the same station separation
but with different orientation. The orientation of the C"
stations is north-south and the D" stations is east-west.  The
distance standard errors in the C" adjustment are 8 percent
smaller than in the D" adjustment. This is probably due to the
smaller a priori latitude standard error of the north-south
Geoceiver stations. The azimuth standard errors in the D" adjust-
ment are 6 percent smaller than in the C" adjustment. This again
is probably due to the smaller a priori latitude standard error.
There is then a small preference in orientation of Geoceiver
stations depending upon whether one wants to improve the distance
standard errors or azimuth standard errors the most.

The variation of the distance standard error in these seven
adjustments is shown in figure 6.

There is rapid reduction in distance standard error as the
separation between Geoceiver stations increases to about 250 km.
At this point, there is a dramatic change in the effectiveness
of further separation to reduce the standard error.

The graph of the variation of the azimuth standard error is
shown in figure 7.

The azimuth standard errors in this set of data continued to
decrease as the distance between the two Geoceiver stations
increased. However, the rate of decrease became less and less.

Thus we conclude that Geoceiver stations need to be separated
by at least 250 km, to most effectively improve the scale
accuracy of a network. The azimuth accuracies are dependent
only upon distance; therefore, the most effective way of
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improving azimuth accuracies with Geoceiver stations is to
separate the stations as much as possible.

Another important question is: What is the density of
Geoceiver observations that can benefit an existing network by
reducing the standard errors of distance and azimuth?

One Geoceiver station is a trivial case; there is no effect
upon the accuracies. At least two Geoceiver position observa-
tions are needed to effect a length and/or an azimuth constraint.

The case of two or more Geoceiver stations is difficult to
analyze because, as shown previously, the distance and azimuth
standard errors are directly dependent upon the separation
between Geoceiver stations. Any attempt at analysis be varying
the number of Geoceiver stations in the test area would be
complicated by the uneven spacing of the available Geoceiver
stations. For this reason, it was decided to perform the
analysis by varying the number of base lines and azimuths in
the basic first-order, main scheme network.

The B, 31/2, B+, D', D'+, and C't adjustments are used in the
analysis.

The B series of adjustments contain all five of the Geoceiver
observations while the D series contain only two. Reference may
be made to table 1 for the complete makeup of the data sets.

The point at which Geoceiver observations ceased to have an
appreciable effect upon the solution was sought by first
adjusting the network using no observed distances and azimuths
then using one-half of the distances and azimuths, and finally
using all of the distances and azimuths. The distance and

azimuth standard errors from these adjustments are given in
tables 3 and 5.

As in the previous section, the analysis is accomplished by
comparing the length and azimuth standard errors over the 44
sample lines. The ratios from the various pair combinations of
adjustments are given in table 6. The means of the ratios with
respect to adjustment Bt are:

Distance Azimuth
Adjustment Standard Error Standard Error
+ 1.00 1.00
Bl/2 1.07 1.13

B 1,39 1,37
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Table 5.--Distance and azimuth standard errors.

Adjustment

Area

Line B Bt Bl/2 c'+ D't

1,1 0.370/205% 0.299/254 0.308/247 0.309/246 0.307/248
0.946 0.745 0.767 0.782 0.779

1,2 0.389/214 0.264/315 0.314/265 0.270/207 0.269/309
0.952 0.732 0.767 0.773 0.772

2,1 0.326/199 0.268/242 0.271/239 0.272/238 0.271/239
0.979 0.757 0.841 0.782 0.781

2,2 0.385/243 0.254/368 0.278/337 0.258/362 0.258/362
0.840 0.612 0.675 - 0.654 0.652 -

3,1 0.202/221 0.139/323 0.150/299 0.140/320 0.140/320
0.940 0.724 0.787 0.752 0.752

3,2 0.309/240. 0.201/369 0.223/333 0.205/361 0.206/361
0.801 0.535 0.614 0.574 0.574

4,1 0.178/265 0.129/365 0.136/346 0.131/359 0.132/358
0.772 0.580 0.653 0.614 0.613

4,2 0.169/243 0.121/341 0.136/302 0.122/338 0.122/338
0.793 0.614 0.678 0.649 0.649

5,1 0.302/214 0.230/281 0.251/258 0.233/278  0.234/277
0.890 0.638 0.722 0.660 0.661

5,2 0.321/223 0.209/342 0.243/295 0.211/339 0.211/339
0.925 0.652 0.740 0.674 0.674

6,1 0.222/273 0.160/379 0.170/358 0.162/374 0.164/370
0.729 0.511 0.596 0.543 0.543

6,2 0.187/247 0.127/363 0.150/308 0.128/361 0.128/360
0.838 0.634 0.718 0.660 0.659

7.1 0.314/201 0.216/293 0.241/262 0.217/291 0.218/290
0.997 0.678 0.811 0.691 0.694

7,2 0.314/202 0.217/292 0.237/268 0.218/291  0.219/290
0.018 0.734 0.860 0.747 0.749

*
Explanation of tabulation {

in meters, 205

205 =

1:205000.

0.370/205:
0.946

proportional part in thousands or
0.946 = o in azimuth.,

0.370 = ¢ for length
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Adjustment
Area, 4 ¢
Line B Bt pl/2 c'? D't
8,1 0.124/238 0.093/318 0.099/299 0.094/316 0.094/314
0.886 0.672 0.758 0.689 0.691
'8,2- 0.127/250 0.085/371 0.096/331 0.086/368 0.087/366
0.806 0.565 - 0.669 0.587 0.587
9,1 0.161/265 0.091/470 0.101/421 . 0.092/462 0.094/457
0.744 0.417 0.563 0.439 0.443
9,2 0.155/265 0.088/466 0.098/418 0.090/459 0.091/454
- 0.754 0.428 0.574 0.449 0.453
10,1 0.4037193 0.248/314 0.273/285 0.249/313 0.249/312
1.022 0.658 0.811 0.666 0.669
11,1 0.170/233 0.100/396 0.110/362 0.101/391 0.102/388
0.850 0.495 0.645 0.508 0.512
11,2 0.146/235 0.086/396 0.094/364 0.087/391 0.088/388
0.850 0.505 0.650 0.518 0.522
14,1 0.323/232 0.242/3I0 0.254/296 0.253/296 0.251/299
0.855 . 0.658 0.683 0.706 0.703
14,2 0.243/225 0.193/283 0.201/272 0.202/271 0.200/274
0.943 - 0.784 0.808 0.839 0.832
15,i 0.287/255 0.231/316 0.239/306 0.242/303 0.240/304
0.761 0.605 0.637 0.660 0.650
15,2 0.278/249 0.226/307 0.233/298 0.235/295 0.234/297
0.781 0.627 0.661 0.677 0.668
15,3 0.270/261 0.197/358 0.206/343 0.202/349 0.201/351
0.806 0.644 0.689 0.681 0.678
16,1 0.171/212 ° 0.145/251 0.150/242 0.147/248 0.147/247
1.053 0.929 0.977 0.952 0.952
16,2 0.244/264 0.160/402 0.165/391 0.162/397 0.162/397
0.704 0.534 0.578 0.578 0.570
17,1 0.207/259 0.162/331,_10.170/314: 0.164/326 0.165/324
0.775 0.595 0.679 0.631 0.628
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Table 5.--Continued.

‘Adjustment
Area, 2
Line B Bt Bl/ c't D'+
17,2 0.225/272 0.143/429 0.156/393 0.144/424 0.144/424
0.751 0.576 0.630 0.616 0.608
18,1 0.335/283 0.216/440 0.236/401 0.221/429 0.223/425
0.700 0.430 0.541 0.464 0.463
18,2 0.177/175 0.144/215 0.156/198 0.144/215 0.144/215
1.142 0.999 1.048 1.017 1.015
19,1 deleted 0.183/252 0.194/238 0.185/249 0.185/249
0.881 0.950 0.895 0.900
20,1 0.440/258 0.358/316 0.367/309 0.386/293 0.382/297
0.810 0.669 0.700 0.742 0.729
20,2 0.379/218 0.332/249 0.338/245 0.351/236 0.345/240
0.844 0.672 - 0.707 0.724 0.713
20,3 0.361/244 0.305/288 0.312/282 0.322/274 0.315/280
. 0.839 0.697 0.732 0.754 _ 0.734
21,1 0{481/338 0.290/561 0.311/522 0.302/539 0.302/538
0.584 0.392 0.458 0.459 0.446
21,2 0.307/251 0.258/299 0.265/290 0.266/290 0.264/292
0.771 0.657 0.696 0.725 0.698
22,1 0.315/247 0.239/326 0.256/304 0.244/318 0.245/317
0.818 0.616 0.686 0.653 0.648
22,2 0.327/245 0.255/314 0.268/299 0.263/306 0.262/307
0.833 0.625 "0.692 : 0.660 0.655
23,1 . 0.276/175 0.236/204 0.246/196 0.239/202 0.240/202
1.147 0.974 1.036 0.990 0.992
23,2 0.431/264 0.337/275 0.360/258 . 0.346/268 0.345/269
0.904 0.656 0.744 0.680 0.681
25,1 0.309/236 0.130/559 0.131/557 0.133/550 0.132/554
0.744 0.641 0.672 0.762 0.703
25,2 0.368/237 0.153/571 0.154/568 0.156/562 0.155/565
0.736 0.634 0.665 0.756 0.697




Table 6.--Standard errors, ratios of oy and o,.

Area, B/ 3152 D} D'; C';
Line B* B* B Bt D'+
1,1 1.24 1.030 1.24 1.027 1.006
1.27 1.029 1.60 1.046 1.004
1,2 1.47 1.189 1.27 1.019 1.004
1.30 1.048 1.60 1.055 1.001
2,1 1.22 1.011 - 1.23 1.011 1.004
1.29 1.111 1.57 1.032 1.001
2,2 1.51 1.094 1.36 1.016 1.000
1.37 1.103 1.75 1.065 1.003
3,1° 1.45-  1.079 1.33 1.007 1.000
1.30 1.087 1.41 1.039 1.000
3,2 1.54 1.109 1.39 1.025 0.995
1.50 1.148 1.83 1.073 1.000
4,1 1.38 1.054 1.38 1.023 0.992
1.33 1.126 1.84 1.057 1.002
4,2 1.40 1.124 1.33 1.008 1.000
| 1.29 1.104 1.81 1.057 1.000
5,1 1.31 1.091 1.33 1.017 0.996
| 1.40 1.132 1.69 1.036 0.998
5,2 1.54 1.163 1.36 1.010 1.000
_ 1.42 1.135 . 1.65 1.03¢  1.000
. 6,1 1.38 1.060 1.41 1.025 0.988
1.43 1.166 1.91 1.063 1.000
6,2 1.47 1.181 1.35 1.008 1.000
1.32 1.132 1.74 1.039 1.001
7,1 1.45 . 1.116 1.30 1.009 0.995
1.47 1.196 1.58 1.024 0.996
7,2 1.45 1.092 1.30 . 1.009 0.995
1.39 1.172 1.55 1.020 0.997
8,1 1.33 1.064 1.35 1.011 1.000
1.32 1.128 1.68 1.028 0.997
8,2 1.49 1.129 1.38. 1.023 0.988

~1.43 1.184 - 1.78 -1.039 1.000




26

Table 6.--Continued.

Area, B Bl/2 D! D'+ ct
Line /gt /p+ . /p /g+ /pr+
9,1 1.77 1.110 1.45 1.033 0.979
1.78 1.350 1.90 1.062 0.991
9,2 1.76 1.114 1.44 1.034 0.989
1.76 1.340 1.88 1.058 0.991
10,1 1.62 1.101 1.28 1.004 1.000
. 1.55 1.232 1.55 1.017  0.995
11,1 1.70 1.100 1.38 1.020 0.990
. 1.72 1.303 1.90 1.034 0.992
11,2 1.70 1.093 1.38 1.023 0.989
: 1.68 1.287 1.74 1.034 0.992
14,1 1.34 1.050 1.28 1.037 1.008
1.30 1.038 1.69 1.068 1.004
14,2 1.26 1.041 1.25 1.036 1.010
1.20 1.031 1.59 1.061 1.008
15,1 1.24 1.035 1.25 1.039 1.008
' 1.26 1.053 1.81 1.074 1.015
15,2 1.23 1.031 1.25 1.035 1.004
1.25 1.054 1.78 1.065 1.013
15,3 1.37 1.046 1.31 1.020 1.005
1.25 1.070.  1.75 1.053 1.004
16,1 1.18 1.034 1.16 1.014 1.000
1.13 1.052 1.47 1.025 1.000
16,2 1.52 1.031 1.29 1.012 1.000
1.32 1.082 1.91 1.067 1.014
17,1 1.28 1.049 1.24 1.018 0.994
1.30 1.141 1.79 1.056 1.005
17,2 1.57 1.091 1.30 1.007 1.000
1.30 1.094 1.82 1.056 1.013
18,1 1.55 1.093 1.44 1.032 0.991
1.63 1.258 1.95 1.077 1.002
18,2 1.23 1.083 1.16 1.000 1.000

1.14 1.049 1.43 1.016 1.002
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Table 6.--Continued.

1/2 ' v+ v+
Area B B D D C
Line /g* /B+ /g /g* /pr+
19,1 - 1.060 -- 1.011 1.000
' 1.078 1.022 0.994
20,1 1.23 1.025 1.23 1.067 1.010
1.21 1.046 "1.71 1.090 1.018
20,2 1.14 1.018 1.19  1.039 1.017
1.26 1.052 1.65 1.061 1.015
20,3 1.18 1.023 1.19 1.033 1.022
1.20 1.050 1.62 1.053 1.027
21,1 1.66 1.072 1.32 1.041 1.000
1.49 1.168 - 2.18 1.138 1.029
21,2 1.19 l1.027 1.20 l1.023 l1.008
1.17 1.059 1.73 1.062 1.039
22,1 1.32 1.071 1.32 1.025 ‘0.996
: 1.33 1.114 1.73 1.052 1.008
22,2 1.28 1.051 1.29 1.027 1.004
1.33 1.107  1.72 1.048 1.008
23,1 1.17 1.042 1.21 1.017 0.996 .
1.18  1.064 1.45 1.018 0.998
23,2 1.28 1.068 1.29 1.024 1.003
1.38 1.134 1.66 1.038 0.998
25,1 2.38%" 1.008* 0.47* 1.015 1.008
1.16* 1.049* 1.69% 1.097 1.084
25,2 2.40*  1.006* 0.46* 1.013 1.006
1.16* 1.049* 1.70% 1.099 1.085
7} 1.400 1.0749 1.303 '1.0215 1.0000
Iy 0.175 0.0431 0.076 0.0128 0.0080
do 1.365 1.1264 1.717 1.0524 1.0079
s0 0.164 0.0839 0.157 0.0247 0.0196

* .

These values were not used in subsequent computations be-
cause ' for some unknown reason. they differed too much from
the mean.
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These data are plotted on figures 8 and 9. The location of
the D' and D't solution relative to the B series of adjustments
is also shown. '

These figures show that the distance and azimuth standard
errors become smaller as the number of observed distances and
azimuth increases.
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Figure 8.--Variation of the distance standard error.
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Figure 9.--Variation of the azimuth standard error.

The following additional comments are important.

l. When there are no other constraints in the solution, we
see from the ratio D'/B that the adjustment containing five
Geoceiver positions shows an improvement of 30 percent in
distance standard errors and 71 percent in azimuth standard
errors over the adjustment constrained by two Gecceiver
positions.

2. When the adjustments contain base line and azimuth
observations, as in the ratio D't/B*, the five-Geoceiver
adjustment shows only a 2 percent improvement in distance
standard errors and a 5 percent improvement in azimuth standard
errors over the adjustment that contains only two Geoceiver
observations.



30

3. In section 2 where no distances and azimuth observations
were involved in the adjustments (see ratio C'/D' - table 4),
there was a 1l3-percent improvement in the distance standard
errors for the C' solution (in which two Geoceiver stations are
oriented north-south). When base line and azimuth observations
are included in these adjustments (see the ratio c't/p't), there
is no noticeable difference in the distance standard errors
between the two solutions.

All of these items taken together indicate that as the
number of base line and azimuth observations increases in a
network, there is a reduction in the usefulness of Geoceiver
observations as a means of reducing the distance and azimuth
standard errors.

These results agree with those of Ashkenazi and Cross (1975) when
a simulated network was used. He also observed this reduction
in the rate of improvement in the standard errors as the number
of constraints in a system was increased. Paraphrasing from
the conclusions of Ashkenazi, "For every well connected network
there is a limit to the number of base lines and azimuths that
serve any useful purpose in constraining the system. Base lines
and azimuths added to the system beyond this sufficient number
serve only to slowly reduce the standard errors."

The study area is approximately 350 km from east to west and
550 km from north to south. The first-order, main scheme
network contains approximately 386 quadrilateral or more complex
figures. For this particular first-order, main scheme network,
the effectiveness of the five Geoceiver observations to reduce
the distance and azimuth standard errors seems to disappear
when the network contains about 20 distance and 25 azimuth
observations. In other words, this arrangement of five
Geoceiver stations would cause a reduction in the distance and
azimuth standard errors of this triangulation network, only if

there is less than one base line observation per 20 quads and
one azimuth observation per 15 quads. A general guideline for

using Geoceiver observations may now be stated: "If the first-
order, main scheme network in a given area contains less than
one base line observation per 20 quads and one azimuth
observation per 15 quads, then Geoceiver observations may be ~
used to improve the internal accuracy."

In adjustment Bt, the distance standard errors range from
0.085 to 0.358 meter with a mean of 0.197 meter, and the azimuth
standard errors range from 09392 to 09v999 with a mean of 07645,
The standard errors can be reduced only slightly beyond this
point by additional length, azimuth or position observations in
the adjustment.

As pointed out by Ashkenazi and Cross (1975), the controlling
factors are the large number of observed directions,
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their standard errors, and how "well connected" the network is.
In this adjustment the a posteriori mean standard error for the
7,202 observed directions is 0Y385. The length and azimuth
standard errors in this network are thus most dependent upon
the set of direction observations and their standard errors.
Any other set of observations, Geoceiver, for instance, would
have to be large and well-connected to appreciably reduce the
network length and azimuth standard errors.

3. EFFECT OF GEOCEIVER OBSERVATIONS UPON
THE POSITIONAL ACCURACIES

In an adjustment where the new network is appended to the
existing network, the new stations have a positional uncertainty
that is due in part to the uncertainty in the position of the
station or stations in the existing network used as constrained
positions in the new adjustment and, in part, because of the
observational errors in the new network. Geoceiver observations
are a means of obtaining geodetic positions independent of the
triangulation system. 1In this experiment the analysis method used
was to vary the amount of observational data and the number of
Geoceiver stations in each of four adjustments and to note the
change in the 95 percent positional error ellipses at 44
selected first-order stations (see figure 10).

A series of four adjustments of the first-order network and
the first-order, second-order combined networks are performed
in which the constraints are different for each adjustment. The
name of each station at which a positional error ellipse is
computed and the dimension, in meters of the semi-major and
semi-minor axes, are given in table 7.

Adjustment £* is an adjustment of the 838 stations in the
first-order, main scheme network. The network contains 42
geodimeter lines, or base lines, and 18 azimuth observations.
Station Webster 1939 was heavily constrained. The a priori

variance allowed in latitude and longitude was 1"0 x 1072°.

Adjustment E* is the same as adjustment ﬁ*, except that the
Geoceiver determined position for station Webster 1939 was
constrained in latitude to a standard deviation of 0.9 meter and
in longitude to a standard deviation of 1.2 meters. '

Adjustment F* is an adjustment of the 838 stations in the
first-order, main scheme network and 498 stations in the second-
order, main scheme networks. The combined networks contained
63 geodimeter lines, or base lines, and 22 azimuth observations.
The Geoceiver-determined position for station Webster 1939 was
again the constrained position.
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Table 7.--Error ellipse, with semi-major and
semi-minor axes in meters. .

Adjustment

Station No. E* E* F* G*
KNOB 1914 1 1,170 3.080 2.886 1.429
0.958 2,727 2.555 1.248
" LITTLE 1934 2 1.255 3,111 2,950 1.457
| 0.943 2,727 2.583 1.267
WINN 1929 3 0.997 2.956 2.835 1.331
0.757 2,734 2.587 1.302
KELLEY 1971 4 1,733 3.081 2.845 1.499
0.779 2.960 2,791 1.297
EUTAW 1939 "5 0.942 2.977 2.828 1.304
o 0.696 2.675 2.544 1.174

BOBO 1956 6 0.826 2.942 2.813 1.328
0.646 2,663 2.530 1.219
BRADSHAW 1939 7 0.597 2.912 2.797 1.270

' 0.545 2.611 2.515 1.144
BUSH 1934 8 0.491 2.889 2.800 1.286
0.415 2.591 2.502 1.168
~ CAPLEVILLE SE BASE 1914 -9 1.167 3.059 2.892 1.483
0.957 2.748 2.544 1.261
* CENTRAL 1945 10 0.975 3.007 2.878 1.361
0.707 2.657 2.542 1.202
CLAYBORN 1935 11 0.964 3.015 2.886 1.366
0.711 2.644 2.527 1.183
" EVANSVILLE 1929 12 1.077 3.011 2.854 1.431
0.797 2.715 2.563 1.275
FOSTER 1929 13 1.478 3.172 2.987 1.569
1.135 2.839 2.664 1.388
GRIMES 1934 14 0.616 2.921 2.823 1.288
0.472 2.593 2.504 1.151

HAWKINS 1931 15 1.051 3.007 2.865 1.364
0.785 2.707 2.569 1.250
HOMESTEAD 1929 16 1.071 2.988 2.857 1.363

' 0.788 2.737 . 2.586 1,287

33
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Table 7.--Continued.

Adjustment
Station No. E* g F# G*
LITTLE 1939 17 1.285 3.132 2.963 1.475
0.939 2.714 2.567 1.254
MALONE 1914 18 1.061 3.046 2.892 1.460
0.941 2,715 2.527 1,229
PALMERTREE 1934 ' 19 0.372. 2.880 2,796 1,266
0.322 2.569 2.492 1.149
RANDOLPH 1967 20 " 0,557 2.907 2.810 1.305
0.536 2.606 2.497 1.153
RICHLAND 1958 21 0.590 2.908 2.810 1.275
: 0.451 2,598 2,509 1.166
TOLER 1946 ' 22 1.196 3.082 2.931 1.440
0.876 2.711 2.579 1.258
TYLER 1929 23 1.199 3.046 2.893 1,418
_ 0.870 2.751 2.601 1,296
WOLF 1930 24 0.839 2,976 2.855 1,328
0.577 ~ 2.614 2.510 1.151
MEEKS 1939 25 0.646 2,911 2.802 1,279
0.559 2.627 2.524 1.206
BARR 1935 26 - 0.354 2.877 2.793 1.273
- 0.331 2.570 2.491 1.138
BETHEL 1946 27 1.132 3.058 2.914 1.414
: 0.828 2.695 2.568 1.241
DANIELS 1938 28 1.216 3.100 2.934 1.441
0.860 2.693 2.550 1.226
WEEKS 1934 29 0.866 2.974 2.849 1.390
: 0.782 2.676 2.513 1,198
GALLOWAY 1939 30 1.018 3.003 2.827 1.331
: 0.746 2.687 2.557 1.210
SHILOH 1945 31 0.828 2.966 2.849 1,321
0.599 2.627 2.522 1.174
TISDALE 1939 32 1.131 3.069 2.923 1.417
: 0.841 2.687 2.556 1,228




Table 7-.--Continued.
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Adjustment

Station No. E* E* F* G*
SMITH 1935 33 0.615 2.918 2.821 1.285
0.474 2.596 2.501 1.139
JEFF 1947 34 1.211 3.065 2.914 1.439
0.873 2.735 2.595 1.281
BENTONIA 1959 35 0.793 2,941 2.829 1.301
_ 0.576 2.639 2.531 1.196
STRAIGHT 1957 36 0.812 2.929 2.820 1.295
0.589 2,660 2.542 1,223
WEDFORD 1942 37 1.570 3.259 3.040 1.586
_ 1.235 2.830 2.626 1.355
LUMBERTON 1943 37 2.988 1.510
: . 2.609 1.314
LEE 1935 38 1.463 3.203 3.008 1.539
1.149 2.801 2.625 ‘1,342

BEVEL 1935 39 0.383 2.881 2.797 1.266
0.306 2.567 2.491 1.133
SMITH 1934 40 1.253 3.107 2.950 1.461
0.934 2 726 2.586 1.272
LOBUTCHA 1958 41 0.450 2.892 2.806 1.275
| 0.347 2.571 2.492 1.134
LEBANON 1935 42 0.824 2.970 2.841 1.360
0.725 2.650 2.511 1.180

BROCK 1939 43 1.346 3.143 2,977 1.507
1.016 2.759 2.610 1.309
CRYSTAL 1945 44 1.006 3.007 2.871 1.360
0.737 2.676 2.552 1,291
Major axis mean - 0.964 3.009 2.873 1.381
Major axis s.d.* 0.333 0.094 0.065 0.090
Minor axis mean 0.730  2.684 2.554 1.226
Minor axis s.d.* 0.228 0.081 0.055 0.065

*s.d. - standard deviation.
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Adjustment G* contains, in addition to the data contained in
adjustment F*, four more Geoceiver stations, Winn 1929,
Little 1934, Knob 1914, and Kelley 1971, entered as constrained
positions.

The first adjustment, ﬁ*, where station Webster 1939 is
heavily constrained, was used to determine the error propagation
characteristics of the network. The positional error ellipses
computed in this adjustment are relative to the Geoceiver
position of station Webster 1939. The computed 95 percent
positional error ellipses are shown in figure 11, The positional
error varies with distance from 0.3 meter at Barr 1935, near
the fixed station, to 1.5 meters at Wedford 1942, near the edge
of the area.

The first test performed was adjustment E*. This adjustment
produced error ellipses quite consistent in size and orientation.
The mean error ellipse had a semi-major axis of 3.009 meters
with a standard deviation of 0.094 meter, and a semi-minor axis
of 2.684 meters with a standard deviation of 0.081 meter. The
error ellipses for this adjustment are shown in figqure 12. The
orientation of the major axis of the error ellipses was 90°
(east-west) with very little variation. There is a small
systematic variation in the size of the error ellipses with
distance from the constrained station. The variation between
station Barr 1935, located near the constrained station, and
station Wedford 1942, near the edge of the network, was 0.3
meter.

In the next test, adjustment F*, only a l-percent reduction
occurred in the size of the error ellipses when the second-
order network was included. These error ellipses are shown in
figure 13. The error ellipses were again consistent in size
and orientation. The mean of the semi-major axis was 2.873
meters, with a standard deviation of 0.065 meter, and the mean
of the semi-minor axis was 2.55 meters, with a standard
deviation of 0.066 meter. The orientation of the major axis
of the error ellipses had only a slightly larger variation from
90° than the first-order network alone. From this test, based
on this particular set of data, it appears that the inclusion
of the second-order projects does not significantly improve the
positional accuracies at the 44 selected stations over that
which was obtained from the adjustment of only the first-order
projects.

The third test, adjustment G*, was an adjustment of the first-
and second-order networks with the five Geoceiver stations,
Webster 1939, Knob 1914, Little 1934, Winn 1929, and Kelley 1971,
as constrained positions. The addition of the five Geoceiver
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stations produced an appreciable reduction in the size of the
error ellipses. The relative size and orientation of the

error ellipses throughout the whole network were again much the
"same (figure 14). The mean of the semi-major axis dimension was
1.381 meters with a standard deviation of 0.090 meter. The mean
of the semi-minor axis dimension was 1.226 meters with a
standard deviation of 0.065 meter. This improvement in the
accuracy of the positions over those obtained in the adjustment
where one Geoceiver position was used seems to be in direct
proportion to the increase in the square root of the number (n)
of Geoceiver stations. The actual improvement was 2.08, which
is close to the square root of 5(2.24). The variation between
stations Barr 1935 and Wedford 1942 was again 0.3 meter.

4. EFFECT OF GEOCEIVER OBSERVATIONS UPON
THE FINAL POSITIONS

This experiment was performed to determine if the Geoceiver
observations have a significant effect upon the final positions.
The four adjustments, E¥*, ﬁ*, F*, and G*, in which the amount of

observational data or the number of Geoceiver stations is
different were considered. The differences in these four data
sets are given in table 1. The analysis was based upon the
final positions at the 44 first-order stations shown in

figure 10. The adjusted positions at these stations are given
in table 8. '

The first comparison was of the final positions produced by
the adjustment of the first-order network when the position of
a centrally located station,  Webster 1939, was rigidly
constrained to 3.1 x 10-° meters in latitude and 2.4 x 10~?° in
longitude (adjustment £*%), and when the same station was
constrained to 0.9 meter in latitude, 1.2 meters in longitude
(adjustment E*). Table 8 shows that these changes are not
appreciable; however, no change was expected. It is felt that
the mean changes of -0.93 mm in latitude and -2.25 mm in
longitude should not have occurred. This problem is being
investigated.

The second comparison (F*-E*, table 9) isolated the
contribution of the second-order observations. The final
positions from the adjustment of the first-order network
(adjustment E*) was compared to the final positions from the
adjustment of the first- and second-order networks (adjustment
F*). In both of these adjustments, station Webster 1939 was
constrained to 0:9 meter in latitude and 1.2 meters in
longitude. '
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Table 8.--Adjusted positions, final seconds of ¢ and A.

Preliminary - Adjustment
Name No. Position E* E* F* G*
KNOB 1914 1 15.54700 15.44372 15.44375 15.45625 15.46069
29.70900 29.79028 29.79037 29.80112 29.79247
15.4591*
29.7816*
LITTLE 1934 2 42,81400 42.68631 42.68634 42.68513 42.69108
32.79600 32.87719 32,87728 32.87981 32.87487
42.6907*
32,8949*
WINN 1929 3 51.66800 51.55880 51.55882 51.54979 51.55642
30.47800 30.54665 30.54675 30.55215 30.54470
51.5586*
30.5265*
KELLEY 1971 4 02.09247 01.93772 01.93775 01.92660 01.93044
00.21970 00.28646 00.28655 00.27834 00.27154
01.9356*
00.2739*
EUTAW 1939 5 46.71900 46.58564 46.58567 46.57762 46.58214
54,22200 54.26251 54.26260 54.25592 54.24935
BOBO 1956 6 51.34000 51.28017 51.28020 51.28053 51.28646
55.75400 55.82297 55.82306 55.83467 55.82671
BRADSHAW 1939 7 42.38600 42.26163 42.26166 42.26052 42.26518
01.94400 02.01473 02.01482 02.01014 02.00303
BUSH 1934 8 03.14800 03.05619 03.05622 03.05815 03.06370
38.52000 38.62372 38.62381 38.62908 38.62142
CAPLEVILLE SE BASE 1914 9 12.54900 12.48872 12.48875 12.48454 12.49018
30.09700 30.17597 30.17606 30.19373 30.18499
CENTRAL 1945 10 22.56500 22.44018 22.44020 22.43765 22.44369
17.72200 17.79536 17.79545 17.79492 17.78927
CLAYBORN 1935 11 12.82800 12.69081 12.69083 12.68758 12.69296
28.83700 28.91245 28.91254 28.91293 28.90730
EVANSVILLE 1929 12 34.91300 34.86452 34.86454 34.85605 34.86205
24.84000 24.,90492 24.90502 24,92563 24.,91728
FOSTER 1929 13 47.86600 47.72906 47.72909 47.72401 47.73106
00.23800 00.27816 00.27825 00.27671 00.27164
GRIMES 1934 14 27.17500 27.04935 27.04938 27.04808 27.05369
29.71500 29.79204 29.79213 29.78918 29.78275
HAWKINS 1931 15 57.57700 57.45082 57.45085 57.44641 57.45305
21.49800 21.57031 21.57040 21.56906 21.56293

*Geoceiver-determined positions.
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Preliminary

. Adjustment

Name No. Position E* E* F* G*
HOMESTEAD 1929 16 53.15100 53.01600 53.01603 53.00769 53.01452
21.09800 21.16775 21.16784 21.16765 21.16104
LITTLE 1939 17 31.29400 31.14408 31.14411 31.13380 31.13893
25.62400 25.67611 25.67620 25.66666 25.66153
MALONE 1914 18 47.58504 47.51001 47.51094 47.51153 47.51666
50.01443 50,09420 50.09430 50.10818 50.09937
PALMERTREE 1934 19 39.64006 39.54174 39.54177 39.53900 39.54460
' 45.73000 45,.82250 45.82260 45.82436 45.81726
RANDOLPH 1967 20 01.52080 01;42908 01.42911 01.43659 01.44152
28.95731 29.05229 29,05238 29.05964 29.05170
RICHLAND 1958 21 12.96410 12.84950 12.84953 12.84629 12.85224
59.45200 59.53510 59.53520 59.53764 59.53085
TOLER 1946 22 45.18900 45.06304 45,06307 45.06191 45.06815
49,33300 49.41429 49.41438 49.41551 49.41038
TYLﬁR 1929 23 54.87700 54.75489 54.75492 54.75234 54.75920
58.88000 58.93921 58.93930 58.93722 58.93136
WOLF 1930 .24 19.69200 19.55924 19.55927 19.55169 19.55678
28.59700 28.66637 28.66646 28.66767 28.66164
MEEKS 1939 . 25 19.96500 19.86313 19.86316 19.85721 19.86327
06.21600 06.26692 06.26701 06.26925 06.26182
BARR 1935 26 09.96200 09.86381 09.86384 09.86467 09.86975
40.49200 40.57422 40.57432 40.57402 40.56656
BETHEL 1946 27 47.03900 46.91529 46.91531 46.91365 46.91985
N 58.32100 58.39825 58.39834 58.39874 58.39346
DANIELS 1938' 28 - 42.69100 42,54932 42.54934 42.53822 42.54295
: 38.00000 38.01832 38.01841 38.00569 38.00010
WEEKS 1934 29 23.56200 23.48918 23.48921 23.49039 23.45580
- 09.47700 09.57357 09.57366 09.58548 09.57701
GALLOWAY 1939 30 27.35000 27.21822 27.21825 27.21768 27.22191
01.30500 01.37769 01.37779 01.37320 01.36568
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Table 8.~--Continued,

Preliminary Adjustment

Name No. Position E* E* F* G*
SHILOH 1945 31 26.96900 26.83712 26.83714 26.83529 26.84120
14.59200 14.66855 14,66864 14.66655 14.66055
TISDALE 1939 32 32.50900 32.37682 32.37685 32.37267 32.37833
15.87300 15.94502 15.94511 15,94554 15.94032
SMITH 1935 33 49.22000 49,09322 49.09325 49.08729 49.09246
: 32.45700 32.53772 32.53781 32.53460 32.52814
JEFF 1947 34 47.38200 47.25478 47.25481 47.25547 47.26218
49.35600 49,41039 49.41048 49.41234 49.40686
BENTONIA 1959 35 45.86930 45.73965 45.73967 45.74186 45.74811
43.97770 44.05457 44,05467 44.05446 44.04798
STRAIGHT 1957 36 10.27530 10.15277 10.15280 10.14661 10.15302
11.36170 11.42431 11.42440 11.42446 11.41753
WEDFORD 1942 37 04.99800 04.87460 04.87463 04.86477 04.86986
25.53900 25.55116 25.55125 25.54041 25,53573
LUMBERTON 1943 37A 52.01800 - - 51.88174 51.88752
' 17.35100 17.41792 17.41323
LEE 1935 38 43.71500 43,58025 43,58027 43.57546 43.58115
37.65500 37.71459 37.71468 37.71555 37.71096
BEVEL 1935 39 02.15000 02.03768 02.03771 02.03503 02.04018
39.97900 40.07201 40.07210 40.06896 40.06199
SMITH 1934 40 04.09000 03.96199 03.96202 03.96063 03.96671
37.13600 37.22074 37.22083 37.22259% 37.21764
LOBUTCHA 1958 41 37.64280 37.52578 37.52581 37.52137 37.52672
14.32790 14.41633 14.41643 14.41586 14.40900
LEBANON 1935 42 17.25650 17.16617 17.16620 17.17247 17.17734
43.51347 43.60217 43.60226 43,60891 43.60055
BROCK 1939 43 21.84500 21.70385 21.70387 21.70215 21.70841
49.131n0 49.,21721 49.21730 49.21936 49.21458
CRYSTAL 1945 44 35.76000 35.62935 35.62938 35.62624 35.63258
41.18000 41.25508 41.25517 41.25105 41.24524




Table 9.--Position

differences in meters of ¢ and ).

No. F* - E* G* - E* F* — G* E* - G*
1 0.38750 0.52514 -0.13764 -0.52607
0.26875 0.05250 0.21625 -0.05475

2 ~0.03751 0.14694 ~0.18445 -0.14787
0.06325 -0.06025 0.12350 0.05800

3 -0.27993 -0.07440 ~0.20553 0.07378
0.13500 ~0.05125 0.18625 0.04875

4 -0.34565 -0.22661 -0.11904 0.22568
-0.20525 -0.37525 0.17000 0.37300

5 ~0.24955 -0.10943 ~0.14012 0.10850
-0.16700 -0.33125 0.16425 0.32900

6 0.01023 _ 0.19406 -0.18383 -0.19499
0.29025 0.09125 0.19900 -0.09350

7 -0.03534 0.10912 -0.14446 -0.11005
| ~0.17700 -0.29475 0.17775 0.29250
8 0.05983 0.23188 -0.17205 ~0.23281
0.13175 -0.05975 0.19150 0.05750

9 ~0.13051 0.04433 -0.17484 ~0.04526
0.44175 0.22325 0.21850 ~0.22550

10 0.07905 0.10819 -0.18724 -0.10881
~0.01325 -0.15450 0.14125 0.15225

11 ~0.10075 0.06603 -0.16678 -0.06665
. 0.00975 -0.13100 0.14075 0.12875
12 ~0.26319 ~0.07719 -0.18600 0.07657
0.51525 0.30650 0.20875 -0.30900

13 ~0.15748 0.06107 ~0.21855 ~0.06200
~0.03850 ~0.16525 0.12675 0.16300

14 ~0.04030 0.13361 ~0.17391 ~0.13454
~0.07375 -0.23450 0.16075 0.23225

15 ~0.13764 0.06820 ~0.20584 ~0.06913
~0.03450 -0.18675 0.15225 0.18450

16 -0.25854 ~0.04681 -0.21173 0.04588
~0.00475 -0.17000 0.16525 0.16775

45
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'Table 9.--Continued.

No. F* - E* G* - E* F* - G* E* - G*
17 ~0.31961 -0.16058 -0.15903 0.15965
~0.23850 -0.36675 0.12825 0.36450

18 0.01829 0.17732 -0.15903 ~0.17825
0.34700 0.12675 0.22025 -0.12925

19 ~0.08587 0.08773 ~0.17360 ~0.08866
0.04400 ~0.13350 0.17750 0.13100

20 0.22258 0.38471 ~0.16213 ~0.38564
0.18150 -0.01700 0.19850 0.01475

21 ~0.10044 0.08401 ~0.18445 ~0.08494
0.06100 ~0.10875 0.16975 0.10625

29 ~0.03596 0.15748 ~0.19344 ~0.15841
0.02825 ~0.10000 0.12825 0.09775

23 ~0.07998 0.13268 ~0.21266 ~0.13361
~0.05200 ~0.19850 0.14650 0.19625

24 ~0.23498 ~0.07719 ~0.15779 0.07626
0.03025 ~0.12050 0.15075 0.11825

25 ~0.18445 0.00341 -0.18786 ~0.00434
0.05600 ~0.12975 0.18575 0.12750

26 0.02573 0.18321 —0.15748 ~0.18414
-0.00750 -0.19400 0.18650 0.19150

27 -0.05146 0.14074 ~0.19220 ~0.14136
0.01000 ~0.12200 0.13200 0.11975

28 ~0.34472 -0.19809 ~0.14663 0.19747
~0.31800 ~0.45775 0.13975 0.45550

29 0.03658 0.20429 ~0.16771 ~0.20522
0.29550 0.08375 0.21175 ~0.08600

30 ~0.01767 0.11346 -0.13113 ~0.11439
~0.11475 ~0.30275 0.18800 0.30025

31 ~0.05735 0.12586 -0.18321 ~0.12648
~0.05225 ~0.20225 0.15000 0.20000

32 ~0.12958 0.04588 ~0.17546 ~0.04681
0.01075 ~0.11975 0.13050 0.11750




Table 9,--Continued.

No. F* - E* G* - E* F* - G* E* - G*
33 -0.18476 -0.02449 ~0.16025 0.02356
-0.08025 . -0.24175 0.16150 0.23950
34 0.02046 0.22847 -0.20801 -0.22940
0.04650 -0.09050 0.13700 0.08825
35 0.06789 0.26164 -0.19375 -0.26226
-0.00525 ©-0.16725 0.16200 - 0.16475
36 -0.19189 0.00682 -0.19871 -0.00775
0.00150 © =0.17175 0.17325 0.16950
37 -0.30566. -0.14787 -0.15779 0.14694
-0.27100 '~0.38800 - 0.11700 0.38575

37A - - -0.17918 -

0.11725

38 -0.14911 0.02728 -0.17639 -0.02790
0.02175 -0.09300 0.11475 0.09075
39 -0.08308 0.07657 -0.15965 -0.07750
-0.07850 -0.25275 0.17425 0.25050
40 -0,04309 0.14539 -0.18848 -0.14632
0.04400 -0.07975 0.12375 0.07750
41 -0.13764 0.02821 -0.16585 -0.02914
: -0.01425 -0.18575 0.17150 0.18325
42 0.19437 0.34534 -0.15097 -0.34627
0.16625 ~0.04275 0.20900 0.04040
43 -0.05332 0.14074  -0.19406 -0.14136
0.05150 -0.06800 0.11950 0.06575
44 -0.09734 0.09920 -0.19654 -0.10013
-0.10300 -0.24825 0.14525 0.24600
Y -0.09000 0.08514 - -0.17523 ~0.08600
s - 0.14902 0.14919 0.02296 0.14921
AX  0:02869 ' -0.13485 0.16251 0.13254
s 0.17202 0.15420 0.03115 0.15422

47
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There was a resulting mean change of 0.090 meter, with a
standard deviation of 0.149 meter in latitude and 0.172 meter
in longitude. The addition of the second-order observations
resulted in a mean shift of 0.9 meter in the positions for the
44 selected first-order analysis stations. This suggests that
there were one or more second-order projects that have an
appreciable influence upon the final positions to those first-
order stations that are in the vicinity of the second-order
projects.

The shifts in final positions produced by adding more
Geoceiver observations to the basic set of trianqulation data
were investigated next.

The third comparison (G*-E*, table 9) was of the final
positions from the adjustment of the first-order network with
station Webster 1939 constrained (adjustment E*) with the final
positions from the adjustment of the first- and second-order
networks with five constrained stations (Webster 1939, Knob 1914,
Little 1934, Winn 1929, and Kelley 1971) using adjustment G*.
This comparison resulted in mean changes of 0.085 meter, with a
standard deviation of 0.149 meter in latitude, and 0.135 meter,
with a standard deviation of -0.154 meter in longitude.

The fourth comparison (F*-G*, table 9) isolated the influence
of the addition of Geoceiver observations upon the final
positions of the 44 selected first-order analysis stations. The
final positions from the adjustment of the first- and second-
order networks, with station Webster 1939 as the.constrained
station (adjustment F*), was compared with the final positions
from the adjustment of the first- and second-order networks with
the five constrained stations listed in the third test,
adjustment G*. The mean change in the comparison of the final
positions was -0.175 meter with a standard deviation of 0.023
meter in latitude and 0.162 meter with a standard deviation of
0.031 meter in longitude. The small standard deviation of 0.02
and 0.03 meter indicates that a rather uniform shift of -0.175
meter in latitude and 0.162 meter in longitude has occurred
throughout the test area.

The mean final positions in the four adjustments, ﬁ*, E*, F¥*,
and G*, are plotted relative to the initial preliminary
position in figure 15.

The previous method of analysis, i.e., the comparison of the
final positions from adjustments involving Geoceiver stations,
is very much dependent upon the agreement of the Geoceiver-
determined positions and the positions at the same stations
obtained through the triangulation network. A similar analysis
in another area would not necessarily give the previous results.
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F* 0.1 METER

Figure 15.--Movement vectors.

Explanation of figure:

(meters)
F* - E* Y -0.09000
Ax 0.02869
G* - E* Y} 0.08514
Bx -0.13485
F* - G* 2o -0.17523
AX 0.16251
E* - G* 1Y) -0.08600
X 0.13254

'Adjustmeént E*
Adjustment E¥*
Adjustment F*

Adjustment G*

First-order network, one fixed station.
First-order network, one constrained station.
First- and second-order network, one con-
strained station.

First- and second-order network, five con-
strained stations.

I is the preliminary position in all of the adjustments.



50

It is now possible to state additional conclusions. The ﬁ*,
E*, and F* solution seems to form a set in which a similar mean
shift of the network has occurred. The ﬁ*, E*, and F* adjust-
ments all have the same positional constraint, the Geoceiver
position of station Webster 1939. The Geoceiver-determined
position for station Webster 1939 is significantly different
from the initial position of station Webster 1939 obtained by
triangulation; this results in the 0.1 meter shift seen in
figure 15. This error is well within the 1 meter a priori
standard error for a Geoceiver position. The addition of four
more Geoceiver positional constraints serves to reduce the mean
shift of the network, as shown by solution G* in the same
figure. Here again, we have the reduction in the Geoceiver
position standard errors by the factor v n, where n = 5, the
number of Geoceiver stations. Geoceiver observations would
appear to be the means of controlling the distorting influence
of a project of inferior quality such as the one detected in the
second comparison. As n increases, the Geoceiver station
positions become more and more constrained and consequently

become more and more effective at preventing network distortions.
5. CONCLUSIONS

In interpreting the results of this report, the reader must
remember that while the theory is applicable to any network, the
inferences from the data are strictly speaking applicable only
to the particular network with which the authors worked. This
is probably not a severe limitation because the full network was
first skeletonized to what might be considered a representative
first-order network. This network was further abstracted by the
removal of most of the measured distances, the removal of still
more measured distances, and finally the removal of all
measured distances. A solution was obtained for each of these
generalized networks. For most of these networks, solutions
were also obtained in which there were different numbers of
Geoceiver positions. It should, therefore, be possible to make
a comparison, without too much error, between one or more of
our generalized networks and other networks generalized in the
same way. Then, the results can be extrapolated to the fuller
network, except in situations where the network is pathological.

Perhaps the most important conclusion (see section 2) is that
as soon as a network contains a small number of distance and
azimuth observations (20 and 25 respectively in our example),
the network becomes "rigid." The effect of adding Geoceiver
observations is almost entirely to decrease slowly the standard
error of the network scale and orientation. The shape and size
of the network remain practically unchanged, until a large
number of Geoceiver observations are added. The standard
deviation in location or orientation is inversely proportional
to the square root of the number of stations at which Geoceiver
positions were observed.
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Secondly, in a network not containing measured distances, the
scale, location, and orientation of the network are determined
by the Geoceiver observations. Behavior of the standard
~deviations of location and orientation is the same as for a
network containing measured distances, but behavior of the
standard deviations of shape and scale is less clear.
According to theory (appendices 1 and 2 ), the error in scale
is inversely proportional to the distance between Geoceiver
positions (when only two Geoceiver observations are involved);
while the error in shape is determined almost entirely by the
measured directions.

- The data for networks containing only two Geoceiver observa-
tions and no measured distances agree only approximately with
what would be expected from theory. While theory (appendix 2)

predicts that the standard deviation in a coordinate should be
inversely proportional to the distance between Geoceiver
positions, the agreement of this conclusion between the data

presented in Dracup's paper (1975) and this paper (section 2
and table 4) is shown to be only approximate. The average
value of the standard deviation (in length .of a side) changes
by about 50 percent when the distance between Geoceivers is
increased from 181 km to 426 km, while the change from 181 km
to 256 km, is still about 50 percent.

There are two ways of accounting for this anomaly. One is
to accept the variation of average standard deviation with
distance as an empirical fact. An alternative (appendix 2)
to note that while the theory assumes that the standard
deviations are computed with one Geoceiver at the origin of
coordinates, this assumption does not hold true for the cases
used. It appears that the adjustment is about a different
center in each case. Then a comparison of standard deviations
at the same points in the different networks would not give
information on the variation of standard deviations with
distance. '

While base line and azimuth observations are preferred, the
adjustments which were run using this test network indicate
that Geoceiver observations may be used in lieu of the more
traditional base lines and azimuths to provide scale and
orientation in the local network.
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APPENDIX l. MATHEMATICAL ANALYSIS OF A GEODETIC NETWORK
CONTAINING MEASURED DIRECTIONS, DISTANCES, AND COORDINATES

Since fhree different kinds of quantities--directions, dis-
tances, and coordinates--were to be combined into one set of
equations, it seemed best to use a set of unknowns more closely
reLpted to the observables than the conventional coordinates of
gtations. The set adopted was the dimensionless ratio,xi,yi, of
each Eoordinate, Xj,Yj, to coordinate X,; coordinates X,,Y, were
left out. Three new unknowns were introduced to make up for the
three dropped. These were f, the scale of the unknowns with
respect to length, and Ayrby, the coordinates of point P, with
respect to a selected origin.

Then we have as the set of observation equations

Y A | X
dy, Ay, A, [1] dx
av, | = |A;, A,, O . af
ay, A, O © dg

where [1] denotes a vector of 1's, g is the vector Ayr8yrand the
subscripts 6,4, and x refer to directions, distances, and co-
ordinates respectively.

2

The covariance I® of the unknowns is then related to the co-

variance z; with components zi, £2, and %

. 2

g of the observations

22 = [AT 2;2 A] -

-2
where E:y denotes the inverse of}:;.

Breaking the matrix A into its components and multiplying out,
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pn

T =2 T -2 T -2, |,T -2 IR
Aoty Ay, + AT AL+ ACTY AeIAXIZx sz+ A L, %[y,] | XI}: [1]
Zz= AT ; + [¥,17 £ |aT £7%a + [Y ]TZ-Z[Y ]:A I %[1]
X2 x x X2 X X2 ] X2 X
T -2 I e I
11°c_°a 2 -2
L[ Froa, 2%, INE,
Bll Bl! Bl3
= 'Pn By, By
_BSI B!!_ B!3_

where [Yz] has been substituted for A,,r to which it is approxi-
mately equal. N is the number of Geoceivers in the network.

We now take a look at those elements of zz_that lie along the
main diagonal, and separate them into three kinds of variance:
t23y+ Pertaining to the shape of the network; L24¢, Pertaining
to the scale of the network; and 22dg' pertaining to the location
of the network. Note that in this analysis no attention has been
paid to the network's orientation. The orientation was ignored
because its standard deviation behaves so much like the standard
deviation of location that the éonclusions about standard devia-
tions of location can be applied immediately to standard devia-
tion of orientation without having to complicate the analysis.
(Orientation, like location, is determined by two quantities,
for example, the ratio of northing and easting of a particular
point with respect to-a fixed point. Since the equations have
been linearized, the fact that orientation is a ratio is irrele-

vant; the errors appear linearly.)

Using Schur's well~known lemma, we obtain

-
=1
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' _ -1.T | -1
zdx - _311 F1b11F1_J

- -
2 _ -1.7| -1
Zgg = | Baz~ FobPyoF, ]
2 _ [ -1.7] -1
Zag = | Bas FabaaFaj

where bjj denotes the adjoint of Bjj and Fj denotes the off-dia-

gonal submatrix coupling B.. and bjj‘ A number of facts are im-

33
mediately obvious on comparing these three equations with the
equation for 22. _

In the equation zgg we see that both B33 and the accompanying

term contain the factor N, the number of Geoceivers

in the network. The standard deviation of g, the location of
the origin of the network, is therefore inversely proportional
to . It is also independent, obviously, of the locations of
the Geoceivers or the distances between them and of the scale
and shape of the network.

In the second equation the variances of the data from the
Geoceivers and of the measured distances are coupled. Where the
variance of the measured distances is considerably smaller than
the variance z; of the coordinates of the Geoceivers, [Yi], the
sum of the squares of measured distances will have a predomin-

ating influence. In the network investigated the standard devi-
ations of the measured distances appear to be smaller than the

standard deviations of the equivalent distances from the _
Geoceivers. In addition, the measured distances are more numer-
ous by a factor of at least five to ten. Hence we would expect
the data from the Geoceivers to have little effect on scale of

. the network and, in fact, this is what the results show. There
is one exception to this, and that is when there are very'few or
no measured distances. In this case the second equation shows
that the factor on the right contains the quantity [x2], the sum
of the squares of the distances of the Geoceivers from the origin.
When only two Geoceivers are present, and one is at the point of
origin, the standard deviation of scale is inversely proportional
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to the distance between the two Geoceivers. This prediction is
only approximately supported by the computations; the reason
for this discrepancy is discussed further in appendix 2.

Finally, looking at the first equation, we see that the term
B,, does not contain directly either the number N or the dis-
tances between Geoceivers or the sum of lengths of measured
distances. These quantities do enter indirectly into B,
through the parts A . and A of the observation matrix A. But
‘for a network in which the standard deviation of the coordinates
of the Geoceivers and the measured distances are not much
smaller than the equivalent standard deviation of the direc-
tions (multiplying the standard deviation of a direction by the
length of the line), the Geoceiver coordinates and the measured
distances obviously will not have much effect on the shape of
the network. This conclusion is fully suppofted by the results.
Directions were compared before and after adding Geoceivers to
networks that contained no measured distances,and a few measured
distances were comparéd. It was found that where about 20
measured distances were already present, the shape (directions)
did not change at the 0"0l1 level. When no measured distances
were used, most of the changes were still below the 0?01 level,
while those above that level tended to cluster in parts of the
network which were suspected to be weak.-

All in all, the theory fully supports the experimental results.
However, there has been sufficient interest in the way standard
errors of a network are affected by varying the spacing between
Geoceivers that a more detailed examination of this point seems
worthwhile; appendix 2 provides this information.
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APPENDIX 2. EFFECT OF INCREASING DISTANCE BETWEEN
GEOCEIVERS ON STANDARD DEVIATION OF COORDINATES

‘What happens to a network containing only directions if two
points in the network are occupied by Geoceivers, so that the
coordinates of these two points are "measured"? The answer is
immediately derivable from the analysis in appendix 1 by dropping
all terms involving length % and setting N equal to 2. The re-
sult is that (putting one point at the origin for convenience)
the scale ié proportional to the distance between the two points,
while the ratios between coordinates are not affected; that is,
the shape of the network remains unchanged. | _

Another more graphic way of showing the effect of increasing
distance between two Geoceivers is to conceive of a geodesic
- being drawn connecting the two stations P and P'. This geodesic
is the shortest distance; its standard error, being determined by
the standard errors of the end points, is constant regardless of
the length of the geodesic. But P and P' can also be thought of
as being connected by a large number of other paths that start
at P and proceed along the sides of the triangles of the network
to end at P'. Now the standard error in any one of these alter-
native paths is determined by the standard errors in the lengths
of the sides that make up this path. With a little ingenuity,
we can formulate the relationship between the standard error of
the geodesic, the length of the geodesic, and the standard
lengths of the sides making up a particular alternative path.
Since the error in the distance from P to P' must be the same
whether calculated along the geodesic or from an alternative .
path, and since increasing the distance increases the number of
sides in alternative paths, the standard errors in the sides
must decrease to keep the total effect constant. This conclu-
sion is intuitively obvious from the geometric picture presented.
To formulate the procedure algebraically is somewhat tricky
although straightforward, and will not be given here.
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A final variation of proof goes as follows: Let Z be the
vector from P, and P, the two points at which Geoceivers are
placed. Consider any sequence of sides (of triangles) forming a

continuous path from P, to P. and consider these sides as

I
vectors zi, i=14%to I. If the coordinates of the ends of

vector zi are xi,Yi and xi+
vector 2

1’ Yi+1' we have for the length r of

r2 = ZTZ

and o -
. r r -
zd(!_!i+1 Yi)

2

The-standard deviation ¢“ of r is then

(¢} 0 cosé
o2 = [cosé sine]

0 02 sing
LY

2 2 .
where Orx ?nd Ory pertain to Id(X.

i+ ~ ¥y) and zd(¥;,, = ¥),
respectively. Putting this in terms of the standard deviations

of the individual segments, we have

- . - - -
o2 cos®
xl’z -
2 L ]
%2, 3 .
’ cossb
02 = [cosé....cbse sinfd....sins] oXI,I—l sine
2 .
% 2
’ .
2 sine
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where 0% i+1 is the standard deviation of the segment from
’

point Pi tp point Pi+1'

We now write

2 = - g2 etc.
7%2,1 °x1,2 '
Then
2 )
o = cos’e ) Oy + sin29), c;
k “k+1,k L 2+1,%

where the sum is now over a set of intervals on the X and Y axes
that are all positive.
Then, since o? must be constant, regardless of the size of k

and &, i.e., of distance between P, and P,: it follows that as k

. 2 2 .
and & increase E:ox and Z:GY must decrease. This in

k+1,k i+1,4
turn implies that corresponding variances of the end points of

the segments must decrease, since -

62 = 02 + 02 etc
X21 X2 X1’ :

It will be noted that this conclusion does not agree_exactly
with Dracup's (1975) results.

Dracup's results

Distance .
Case Geggéiggrs between Re%:szzgg:§ror
Geoceivers
D 2 181 1:90,000
C 436 1:156,000
B 5 436 1:178,000
(maximum)

No computations were carried out specifically to identify the
cause of the lack of agreement. However, an analysis of
tables 3 and 5 giving ratios of standard deviations for the
various cases shows that the ratios not only do not obey the
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(distance)'l. law but vary from point to point in the network.

A glance at the plots of error ellipses shows that the program
apparently adopted for each different configuration of .
Geoceivers, a different center from which to compute standard
deviations. With this being the case, it follows that comparing
standard deviations of the same sides, for varying arrangements
of Geoceivers, is comparing data which are-affectéd by more

-than just different distances between Geoceivers.
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APPENDIX 3. STATISTICAL CONSIDERATIONS

All the adjustments in this report were carried out using as-
sumed values for the standard errors of the observations. These
values are based on extensive experience of NGS in the analysis
of errors in other smaller nets. We do not know, of course, that
these values actually apply in the.present case. It would be
helpful to be able to find from the network being investigated
better values for the standard errors of the observations. If
all the observations are of one kind, this is no problem. But
where, as in the present case, there are several kinds and
classes of observations, finding improved values is not easy. It
may even be impossible, as, for instance, if there are only one
.or two observations of a particular kind. In general, however,
each kind of observation can be expected to be present in con-
siderable numbers, and estimates of the standard error of each
kind made. The following formula is suggested for the purpose:

T
viv. = k
i
o = 2

i _ T T.1 -1

n, - Tr {[AiAi] aTa _
Where \f is the vector of residuals of observation of type i, n,
the number of observations of type i, A the matrix of observa-

tions, and Ai that submatrix of A relevant to observations of
type i. k is a constant, whose value can be found to be

<3 g 000 )

where i = 1 to I.
| Derivation of the formula is easy enough that the authors have
not troubled to search the literature for earlier derivations.
A somewhat similar, but different, formula was apparently de-
rived by Thiel (1963), and is quoted by Bossler (1972).
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APPENDIX 4. COMPARISON OF ADJUSTED NETWORKS WITH AND WITHOUT
DATA FROM GEOCEIVERS: ADJUSTMENTS B, C; AND D

The networks used by Dracup (1975) in his analysis did not con-
tain any measured lengths. They derived theif scale solely from
the data of the Geoceivers. Hence the coordinates of points in
these networks cannot be compared with the coordinates of points
in a Geoceiver-free network. But some guesseé can be made as to
the behavior of the Geoceiver—conﬁaining networks with respect
to a Geoceiver-free network containing a true scale.

The coordinates of points in networks B, C, and D are the same,
after adjustment,to within 3 cm. Assuming an average length of
20 km for the sides of the triangles in the networks, this 3 cm
corresponds to about 0?2 maximum difference in diréctions. The
networks, therefore, could be considered essentially the same in
all three cases. But the case for considering the networks
practically unchanged by introducing the data from the Geoceivers
is even stronger if one examines the trend of these differences.
The difference of about 3 cm is nearly constant in longitude
between networks C and D; it decreases in latitude to 0 from
about 3 cm. Comparing solutions C.and D with the solution for
network B, we find that B agrees to within a centimeter or so in
latitude with C and to within a centimeter or so in longitude
with D, while there is a 3-cm nearly constant difference between
B and C and D in longitude and latitude, respectively.

It seems clear from these numbers that the basic network
" remains similar under all introductions of Geoceiver data; that
is, it changes size but not shape. Furthermore, on examining
the lists of residuals in directions we find that for all three
networks (B, C, D) the residuals are within 0702 of each other.
Comparing these residuals with those obtained by adjusting the
network containing measured distances, we find agreement to
within 0"04 for the most part, with a few discrepancies as high
as 0"2 and a very few higher than.this.
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APPENDIX 5. COMPARISON OF ADJUSTMENTS ON NETWORKS WITH AND
WITHOUT DATA FROM GEOCEIVERS

The coordinates of the adjusted coordinates of each station
were compared for the cases:

a. No Geoceiver stations in the network.

b. Central and southern Geoceiver stations in the network.

c. Central and eastern Geoceiver stations in the network.

d. All five Geoceiver stations in the network.

It was found that the adjusted positions were the same for all
four stations, to within 1 to 2 cm. Consequently, we can con-
clude that the data from the Geoceivers did not affect the
geometry of the network in any way, but merely affected the
standard error of location of the network as a whole. In other
words, the network is rigid with respect to action on it from
Geoceiver data.
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APPENDIX 6. VARIATION OF VARIANCE OF SHAPE WITH
LOCATION OF GEOCEIVERS

The shape portion of the matrix given in appendix 1 i1s in gen-
eral quite difficult to invert. However, there -are several
simple cases which are interesting for this investigation. 1In
particular, for instance, when the network contains only direc-
tions and one or two Geoceivers without any measured distances.
In these cases, the resulting matrices are easily inverted. The
problem can be simplied still further by assuming that one of
the Geoceivers is at the origin of coordinates or, what is almost
the same thing, by placing the origin at one of the Geoceivers.
The data from that Geoceiver do not contribute to the shape sub-
matrix at all. The contributions from the data of the other '

Geoceiver appear only as additions of k2 JJ to consecufiVe ele-
ments on the main diagonal. (k is the scale factor and °33 the
variance of each given coordlnate.) To get a clear picture of
what is happening, we look first at the effect of- specifying
only the second X-coordinate,.then at the effect of specifying
both X~ and Y-coordinates of the second Geoceiver. The variance

3;'of pseudo-coordinate i is
'Bii/B_

where the bar (7) indicates that data from Geoceivers are in-
cluded, while absence of a bar refers to the Geoceiverless net-
work. We expand numerator and denominator _2. elements and co-
factors of the jth row (the second Geoceiver being at point Pj).

We get
~2_i
B,. + k20.5Bx:.
R - 233733
i~ B +k
. JJBJJ

where the superscripts indicate that the designated rows and

columns have been deleted. Using a self-evident notation this
becomes
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2, 3o = i
c. + kzc.zoz’l

52 =1 33 3]
g, = (1
1 1+ kzcggjz )

Extension to the case where data on both X- and Y-coordinates are
given is somewhat more complicated, but the end result is

2 - i i - .
_, o+ k2:: (cz' + 02,1) + kYoot o2r i

2 _ % 33153 * %34y 33 %44 (2)
1 1 + k20=2 (62 + ¢? + k4%o7t g2r3
33 (93 o541 ) %33 %341

This formula can be generalized fairly easily to the case
where neither Geoceiver is at the origin. It will look very
much like equation 2 but will go up to the fourth power of
(k?c}%) and the sum of four (two pairs) of variances of the
original matrix. For our purposes equation 1l is sufficient,
since equation 2 is analogous to it. For actual networks we can
assume that the second term in the numerator is small compared
to the first. Then, 3; is inversely proportional to

(1 + kzc;§o;), which is a linear function of o;. The value of

o§ depends on the position of Pj in the network and cannot be
expected to vary monotonically as the distance between P; and Pj
increases. Hence, the portion

Toz2 A, + AT o=2a

Ayox By 8 %9 Pg

of the normal matrix will contribute a rather irregular variation
of overall variance of a particular coordinate as the distance
between Pi and Pj.

Note that the contributions of other parts of the normal matrices
have been ignored. If we include them, we find that the actual
distance x; + Y; occurs in the denominator. This is over and

above whatever is contributed by the shape portion of the matrix.
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